Introduction
Consider the one-dimensional Schr odinger equation ? 00 (k; x) + V (x) (k; x) = k 2 (k; x); x 2 R; (1.1) where the potential V is real valued and belongs to L 1 1 (R); the set of measurable potentials such that R 1 ?1 dx (1 + jxj) jV (x)j is nite. In our notation, the prime denotes the derivative with respect to the spatial variable x; C + is the upper-half complex plane, R ? := (?1; 0); and R + := (0; +1): For a given subset J of R; we will use V j J to denote the fragment of V supported on J; i.e. we obtain the scattering coe cients, namely, the transmission coe cient T; and the re ection coe cients L and R; from the left and right, respectively. We have R(k) T(k) = ?L(k) T(k); k 2 R; (1.4) where the asterisk denotes complex conjugation.
The bound-state solutions decay exponentially as x ! 1; and they can occur only at certain k values on the positive imaginary axis in C + : The number of bound states is nite, and we use N to denote that number. We let the bound states occur at k = i j with 0 < 1 < : : : < N : Each bound state at k = i j is simple, i.e. there is only one linearly independent bound-state solution of (1.1) at k = i j : The It is already known 1]-6] that V is uniquely determined by either the left scattering data fR; f j g; fc lj gg or by the right scattering data fL; f j g; fc rj gg: Given fjRj; f j gg; we can construct T explicitly (e.g. see Lemma 2.5 of 2]). Then, when fR; f j gg is known, from (1.5) it follows that there is a one-to-one correspondence between each left norming constant c lj and the dependency constant j ; similarly, given fL; f j gg; each c rj determines j uniquely and vice versa. Hence, V is uniquely determined by either fR; f j g; f j gg or fL; f j g; f j gg:
We are interested in the following inverse problem. Suppose we know one re ection coe cient, the bound-state energies ? 2 j ; and the potential V on a nite interval I of positive length. We may also know some but not all of the bound-state norming constants. In other words, we are missing the full information on the norming constants for a unique determination of the potential, and we would like to know if knowledge of V on I compensates for the missing information on the norming constants. We wish to nd out if our data determines the potential uniquely on the entire line or if there are two or more potentials corresponding to our data. In this paper we analyze and solve our inverse problem when only one norming constant is missing from the scattering data. If the data lacks two or more norming constants, the problem is still open; in that case, it would be desirable either to produce an example where in nitely many distinct potentials correspond to the same scattering data or to prove that there can only be a nite number of such potentials and to determine an upper bound for that number.
Let us say a few words about the existence aspect of our inverse problem. Clearly, we must expect a severe restriction on the fragment of the potential contained in our data. We cannot specify that fragment arbitrarily, and in general a solution to our inverse problem does not exist. In our paper, we are only interested in the uniqueness aspect of our inverse problem; namely, we assume that there exists at least one potential corresponding to our data and we would like to nd out if there are more than one.
Our paper is organized as follows. In Section 2 we consider the scattering data consisting of one re ection coe cient, knowledge of the potential on a nite interval I; all the boundstate energies, and all the norming constants except one; we show that a missing norming constant in our data can cause at most a double nonuniqueness in the determination of the potential. In Section 3 we analyze in detail the uniqueness and nonuniqueness when our data lacks only the norming constant corresponding to the lowest-energy bound state; we give the necessary and su cient conditions on the scattering data so that it corresponds to two distinct potentials, and we also determine the corresponding dependency constants and those two potentials. In Section 4 we illustrate, with explicit examples, various cases of uniqueness and nonuniqueness.
2 Nonuniqueness in the General Case When exactly one norming constant is missing from our data, as the next theorem shows, there can be at most two distinct potentials corresponding to that data. Let us suppress the x-dependence in the rest of the proof. From (2.5) and (2.6), we see that jAj 0 is equal to the determinant of the matrix that is obtained by taking the derivative of only the last row of A; similar remarks also apply to jAj 00 and to jBj 0 ; j?j 0 ; and their derivatives.
With the help of (2. In Theorem 2.1 we have seen that a missing norming constant in our data can cause at most a double nonuniqueness. We will now analyze how this happens when the norming constant missing in our data corresponds to the lowest-energy bound state. I cannot be zero and instead it must be a positive constant. Then, however, with the help of (i), (ii), and (3.8), we see that (iii) must hold for the nonuniqueness. Thus, the nonuniqueness occurs when V j I + 2 N is a positive constant on I; Since the right-hand side of (3.11) is independent of x on I; we can evaluate it at x = a and use (3.13) to see that (i) holds. Next, using N;? = e ?4 N a = N;+ and the rst equality in Using (3.14) in (3.1) and (3.2) with j = N; we get (ii).
In the rest of this section, we will express N; in (3.10) in other equivalent forms, which will be useful in the analysis of our inverse problem.
Without any loss of generality, we may choose our interval I as (0; 1); and in the rest of this section we will do so. Let us fragment the potential V j] (see below (2.4) For our examples, it is also helpful to remember, see e.g. 16] , that if one fragment has n 1 bound states and the other has n 2 bound states, then the combination of these two fragments has either n 1 + n 2 or n 1 + n 2 ? 1 bound states. This helps us to estimate the number of bound states of the whole potential in terms of the number of bound states of its fragments. In particular, if none of the fragments have any bound states, then the total potential does not have any bound states either. 
